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Amorphous silica (a-SiO2) is a foundational disordered material for which the thermal transport properties
are important for various applications. To accurately model the interatomic interactions in classical molecular
dynamics (MD) simulations of thermal transport in a-SiO2, we herein develop an accurate yet highly efficient
machine-learned potential model that allows us to generate a-SiO2 samples closely resembling experimentally
produced ones. Using the homogeneous nonequilibrium MD method and a proper quantum-statistical correction
to the classical MD results, quantitative agreement with experiments is achieved for the thermal conductivities of
bulk and 190-nm-thick a-SiO2 films over a wide range of temperatures. To interrogate the thermal vibrations at
different temperatures, we calculated the current correlation functions corresponding to the transverse acoustic
and longitudinal acoustic collective vibrations. The results reveal that, below the Ioffe-Regel crossover frequency,
phonons as well-defined excitations remain applicable in a-SiO2 and play a predominant role at low temperatures,
resulting in a temperature-dependent increase in thermal conductivity. In the high-temperature region, more
phonons are excited, accompanied by a more intense liquidlike diffusion event. We attribute the temperature-
independent thermal conductivity in the high-temperature range of a-SiO2 to the collaborative involvement of
excited phonon scattering and liquidlike diffusion in heat conduction. These findings provide physical insights
into the thermal transport of a-SiO2 and are expected to be applied to a vast range of amorphous materials.

DOI: 10.1103/PhysRevB.108.184203

I. INTRODUCTION

Amorphous silica (a-SiO2), owing to its excellent thermal
stability and insulating properties, plays a pivotal role in the
electronics and semiconductor industries, such as serving as
a passivation layer in semiconductor chips [1] and a charge
storage layer in metal oxide memory devices [2]. As the
characteristic dimensions of integrated circuits shrink into
the scale comparable to the mean free paths (MFPs) of heat
carriers [3], understanding the thermal transport properties of
bulk and thin-film a-SiO2 at the atomic level is highly essential
for enhancing device performance and lifespan. Unlike the
well-defined phonons in crystalline silica, it is widely believed
that the notion of phonons becomes ill-defined in a-SiO2 due
to the complexity and the loss of the long-range lattice pe-
riodicity in amorphous systems [4]. The phonon-gas model
is accordingly failing [5–8], and there are ongoing debates
about the physical picture of thermal vibration and transport
in amorphous systems [9,10].

Over the past few decades, numerous theoretical frame-
works and computational methods have been proposed to
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comprehend and explore the thermal vibration and transport
characteristics of amorphous materials. By decomposing the
atomic vibrations into individual normal modes, Allen and
Feldman [5–7,11] suggested categorizing these quasiparticles
into three types: propagons, diffusons, and locons, corre-
sponding to low, medium, and high-frequency vibrations,
respectively. As the Allen-Feldman (AF) formulation [11]
neglects anharmonicity [12], Isaeva et al. [13] have recently
developed the quasiharmonic Green-Kubo (QHGK) to inves-
tigate thermal transport in amorphous materials, allowing for
the simultaneous consideration of anharmonicity and disorder.
Combining the Peierls-Boltzmann equation [14,15] describ-
ing the particlelike propagation and the AF formulation, the
recently developed Wigner transport equation (WTE) [16,17]
establishes a unified formalism for microscopic heat conduc-
tion in both crystalline and disordered systems and has been
applied to study thermal transport in a-SiO2 [18,19]. It is note-
worthy that the QHGK and WTE methods, though originating
from distinct perspectives, have been formally shown to be
equivalent approaches for thermal transport in solids and can
provide the same levels of approximation [20,21].

The above frameworks provide comprehensive insights
into thermal transport in amorphous materials, but their com-
putational cost scales unfavorably with respect to the number
of atoms and they are only applicable to relatively small
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periodic cells. Recently, based on hydrodynamic arguments,
Fiorentino et al. [22] demonstrated that the bulk thermal con-
ductivity of glasses can be extrapolated from medium-sized
finite models. However, hydrodynamic extrapolation is still
an approximate method in nature, and its applicability to
various amorphous systems still requires extensive validation.
Molecular dynamics (MD) is another popular method for
studying thermal transport in amorphous materials [23–30]
due to its natural incorporation of the full anharmonicity and
the linear-scaling computational cost with respect to the sim-
ulation cell size. Particularly, it is also the best approach for
generating numerical a-SiO2 samples. However, an important
prerequisite for this purpose is to have a reliable model for
describing the interatomic interactions. It has been demon-
strated that the Gaussian approximation potential (GAP),
which is a machine-learned potential (MLP), can achieve
higher accuracy for many physical properties than empirical
ones for a-SiO2 [31]. Motivated by this, we here construct
another MLP for a-SiO2 based on the neuroevolution potential
(NEP) approach [32–34], reusing the training data for the
GAP model [35]. The NEP model can achieve an accuracy
compared to the GAP model, but with significantly higher
computational efficiency, which allows for a comprehensive
study of the structural and thermal transport properties of
a-SiO2 using large-scale MD simulations. With a low quench-
ing rate of 1011 K s−1 and a relatively large simulation cell
containing 73728 atoms, the generated a-SiO2 samples exhibit
structural characteristics that are in close agreement with ex-
periments. Using the efficient homogeneous nonequilibrium
molecular dynamics (HNEMD) method and the established
quantum-statistical correction for disordered systems [29,36],
our predicted thermal conductivity agrees well with experi-
ments for both bulk [37,38] and thin-film [39] a-SiO2 in a
wide range of temperatures.

Further, similar to liquids [40] or liquidlike matters [41,42],
we endeavor to comprehend the thermal vibrations of a-SiO2

at various temperatures by considering collective excitations,
which have been experimentally observed and proposed to
understand thermal transport in amorphous silicon systems
[43,44]. The presence of long-range disorder and atomic in-
stability, similar to liquids, makes collective excitations a
reasonable description of the thermal vibrations in amor-
phous materials. Utilizing particle velocities and trajectories
obtained from high-accuracy MD simulations, we calculated
the transverse and longitudinal current correlation functions
at different temperatures, corresponding to transverse acous-
tic (TA) and longitudinal acoustic (LA) collective vibrations
[44–46], respectively. Within the considered temperature
range, both TA and LA vibrations exhibit pronounced lat-
tice dispersion below the Ioffe-Regel crossover frequency
[44,47,48], revealing that the phonons are well-defined exci-
tations, whereas above the Ioffe-Regel crossover frequency,
the dispersion is absent and exhibits a liquidlike overdamping
decay behavior [40–42,49,50]. More specifically, at low tem-
peratures, the phonon vibrations dominate, and the thermal
conductivity of the a-SiO2 rises with increasing temperature.
At high-temperature regions, the intense phonon scatter-
ing and the liquidlike diffusion [47,49–51] collaboratively
contribute to heat conduction, leading to the temperature-
insensitive thermal conductivity observed in a-SiO2.

II. NEP MODEL TRAINING FOR a-SiO2

A. The NEP formalism

The NEP approach [32–34] is currently a popular MLP
widely used in thermal transport studies [29,36,52–55]. It is
based on a neural network (NN) and is trained using the sep-
arable natural evolution strategy (SNES) [56]. Following the
standard Behler-Parrinello high-dimensional NN potential ap-
proach [57], the site energy of atom i is taken as a function of a
descriptor vector with Ndes components, Ui(q) = Ui({qi

ν}Ndes
ν=1).

A feedforward NN with a single hidden layer with Nneu neu-
rons is used to represent the site energy Ui:

Ui =
Nneu∑
μ=1

w(1)
μ tanh

(
Ndes∑
ν=1

w(0)
μν qi

ν − b(0)
μ

)
− b(1), (1)

where tanh(x) is the activation function, and w(0), w(1),
b(0), and b(1) are the trainable weight and bias parameters
in the NN. In the NEP model, the local atom-environment
descriptor qi

ν is formed by a number of radial and angular
components. The radial descriptor components, which are
determined solely by atom-pair distances, are constructed
based on Chebyshev polynomials, while the angular descrip-
tor components, which also depend on angular information,
are constructed based on spherical harmonics analogous to
the atomic cluster expansion approach [58]. For more detailed
descriptions of the NEP model, the reader is referred to the
literature [32–34].

B. The training and test data

We reused the training data set constructed by Erhard et al.
[31], but with some refinement. The original data set com-
prises 3074 structures, including 2000 crystalline ones, 939
amorphous or liquid ones, and 135 dimer or cluster ones [35].
Each structure contains reference energy, force, and virial
from density-functional theory (DFT) calculations with the
SCAN functional [59]. This data set has been used to con-
struct a GAP model for SiO2 [31]. Through a comprehensive
benchmark, the GAP model [31] has been demonstrated to
outperform many empirical potentials in characterizing var-
ious properties of silica, as it incorporates a diverse set of
configurations, including crystalline, liquid, and particularly
a-SiO2 structures.

During a preliminary training of the NEP model using this
original data set, we identified a large number of outliers. We
do not know the exact cause for the outliers, but empirically
we found that much better training accuracy for the remaining
structures can be obtained by removing those outliers from
the training data set. By doing so, we obtained a refined
data set containing 2609 structures, including 1832 crystal
ones, 761 amorphous or liquid ones, and 16 dimer or cluster
ones. We then randomly selected 2348 structures (205 760
atoms in total) for training and used the remaining 261 ones
(23 135 atoms in total) for testing.

C. Training results

Using the refined training data set, we trained a NEP
model (see Supplemental Note S1 in the Supplemental Mate-
rial (SM) [60] for details on the hyperparameters) for a-SiO2
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FIG. 1. (a) Evolution of the various terms in the loss function for
the training data set with respect to the generation, including the L1

and L2 regularization, the energy root-mean-square error (RMSE),
the force RMSE, and the virial RMSE. (b)–(d) The comparison
between the NEP predictions and the DFT reference data of energy,
force, and virial for the training and testing data sets. The dashed
lines in panels (b)–(d) are a guide for the eyes.

using the GPUMD package [61]. The evolution of the training
accuracy is shown in Fig. 1(a). The parity plots of energy,
force, and virial shown in Figs. 1(b)–1(d) demonstrate the
high accuracy of the NEP model. Quantitatively, the root
meant square errors (RMSEs) for energy, force, and virial are
2.4 meV/atom, 177.9 meV/Å, and 24.2 meV/atom in the
training data set and are 2.4 meV/atom, 190.8 meV/Å, and
19.9 meV/atom in the test data set. The accuracy is compara-
ble to that achieved by the GAP model [31] (see Fig. S1 in the
SM [60]).

To demonstrate the generality of the NEP model, we com-
puted the phonon dispersion for three silica crystal structures
(see Fig. S2 in the SM [60]), showing good agreement with the
experimental results [62–64]. Our NEP model can achieve a
computational speed of 1.1×107 atom-step per second in MD
simulations, using a single Nvidia GeForce RTX 4090 GPU
card. The good speed and accuracy of the NEP model provide
foundations for a comprehensive study of the heat transport in
SiO2.

III. SAMPLE GENERATION AND STRUCTURAL
VALIDATION

A. Generating a-SiO2 samples

A rational structure determines a reliable physical prop-
erty. Here, the classical MD simulations with a sophisticated
melt-quench-anneal process are employed to prepare rea-
sonable samples of a-SiO2. All the MD simulations were
performed using the GPUMD package [61] (version 3.6). Tak-

ing a silica crystal from the Materials Project [65] in the
cubic Im − 3m space group as the initial structure, it was
randomized at 5000 K within the NVT (constant number of
atoms N, constant volume V, and constant target tempera-
ture T) ensemble and then held at 4000 K to generate a
melt. During this stage, we tested various melting tempera-
tures (see Fig. S4 in the SM [60]) and found that 4000 K
is the most suitable for generating the final a-SiO2 struc-
ture. Following a supercooled process with target temperature
decreasing linearly from 4000 K to a final temperature T
(ranging from 20 to 2000 K) and a given quenching rate
(reducing from 5×1012 K s−1 to 1×1011 K s−1), we produced
the initial a-SiO2 structure under the N pT ensemble with
zero target pressure p. Subsequently, the annealing process
for 1 ns was employed to eliminate internal stresses within
the system and obtain the final a-SiO2 structure, as shown in
Fig. 2(a). During the melt-quench-anneal process, the volume
of the simulated system steadily decreased (see Fig. S3 in the
SM [60] for energy and volume evolution), suggesting that
the slow quenching rate drives the simulated system transi-
tion from a low-density liquid to a high-density amorphous
state.

Further, we have visualized the evolution of the coordina-
tion number (CN) of the model during the melt-quench-anneal
protocol, as depicted in Fig. 2(b). The initial crystalline
structure evolves gradually from point A (corresponding to
randomization of the liquid structure), which is a mixture
of high and low CNs, to point E (corresponding to solid
a-SiO2), which overwhelmingly contains the twofold and
fourfold coordination environments. In a plausible a-SiO2

structure, oxygen atoms are coordinated by two silicon atoms,
while silicon atoms are coordinated by four oxygen atoms
[31,66], consistent with the structures of the ambient pres-
sure crystalline polymorphs. The correctly coordinated atoms
demonstrate the NEP model can significantly prevent the
number of defects in the a-SiO2 structures. Figure 2(c) pro-
vides a statistical overview of the evolution of different CNs
during the melt-quench-anneal process, highlighting that the
trained NEP model is capable of generating highly plausible
configurations for a-SiO2.

B. Validating a-SiO2 samples

To characterize the short-range ordered bond motifs for the
generated a-SiO2 structure, we computed the pair-correlation
function g(r) at 300 K and a quenching rate of 1011 K s−1.
As shown in Fig. 3(a), the NEP calculations for the first
and second peaks of g(r) align remarkably well with exper-
imental measurements, both in terms of peak positions and
heights. Additionally, the medium-range ordering, a typical
characteristic of amorphous structures [4,68], is often cap-
tured experimentally by the static structure factor S(q) of
x-ray diffraction. As shown in Fig. 3(b), the computed x-
ray S(q) qualitatively reproduces the experimental features,
especially for the height and position of the second diffrac-
tion peak. Precisely, reflecting the second-neighbors distances
with respect to the second peak of g(r) [29,69], the position
of the first diffraction peak of S(q) coincides well with the
experimental results. However, the NEP model conspicuously
underestimates the height on the first diffraction peak, even
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FIG. 2. Visualization of a melt-quench-anneal process for generating a-SiO2 structures. (a) The temperature protocol during the structure
generation process. Here, the target temperature is set to 300 K, and the quenching process lasts for 37 ns at a rate of 1011 K s−1. (b) Structural
snapshots during the melt-quench-anneal process, including point A after structural randomization, point B after melting, point C during
quenching, and point E after annealing. Coordination numbers (CN, spatial cutoff = 2.0 Å) are indicated by color coding. All structural
snapshots were created using the OVITO package [67]. (c) Evolution of fractions with different CNs during the melt-quench-anneal process.

at a low quenching rate of 1011 K s−1. This is presumably
because, although the quenching rate is slower than that in
quantum-mechanical simulations, it remains much faster than
that in most experimental settings [70]. The calculations for
g(r) and S(q) are both performed using the ISAACS pack-
age [71], with the utilization of its embedded smoothing
functionality in the case of g(r).

We have compared the g(r) and S(q) values calculated for
different system sizes at the quench rate of 1011 K s−1 with
the experimental results, as shown in Fig. S5 [60]. There is
no notable variation observed in the first and second peaks of
g(r) as the system size increases, suggesting that the employed
system size is capable of encompassing short-range struc-
tural information. Concerning S(q), its first diffraction peak

(a) (b)

FIG. 3. The comparison of (a) the pair-correlation function g(r) and (b) the x-ray structure factor S(q) of a-SiO2 calculated by the NEP
model with experimental measurements (Expt. 1, Ref. [72]. Expt. 2, Ref. [73]; and Expt. 3, Ref. [74]). At the same temperature of 300 K as
in the experiments, the g(r) and S(q) by the NEP model are obtained from a 73 728-atom system under a quenching rate of 1011 K s−1. The
vertical dash lines in panel (a) mark the experimental [75] first peak of Si-O at 1.61 Å and the second peak of O-O at 2.63 Å, respectively.
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exhibits a gradual rise as the system increases. Moreover, the
g(r) and S(q) calculations at various quenching rates by the
NEP model (refer to Fig. S6 in the SM [60]) suggest that lower
quenching rates produce samples that are closer to experi-
mental outcomes. Striking a balance between computational
efficiency and accuracy, we employed a system consisting of
73 728 atoms and a 1011 K s−1 quenching rate for subsequent
thermal conductivity calculations.

IV. HEAT TRANSPORT PROPERTIES OF a-SiO2

A. Thermal conductivity of a-SiO2 at various temperatures

We use the efficient HNEMD method [77] to calculate the
thermal conductivity of a-SiO2. In this method, an external
driving force,

Fext
i = EiFe + Fe · Wi, (2)

is exerted on each atom i, driving the system out of equilib-
rium. Here, Ei is the total energy of atom i, while Fe is the
driving force parameter with the dimension of inverse length,
and Wi is the virial tensor of atom i,

Wi =
∑
j �=i

(
∂Uj

∂r ji
⊗ ri j

)
. (3)

Here, Ui is the potential energy of atom i, and ri j ≡ r j − ri,
with ri being the position of atom i. The driving force will
induce an ensemble-averaged (represented by 〈〉) steady-state
nonequilibrium heat current J (for heat current for many-body
potentials, see Ref. [78]),

〈Jα〉
TV

=
∑

β

καβFβ
e , (4)

where καβ is the αβ component of the thermal conductivity
tensor, T is the system temperature, and V is the system vol-
ume. For the employed a-SiO2 samples, which possess cubic
symmetry and are isotropic, we can consider any direction,
e.g., the z direction, in which case we have

κzz = 〈Jz〉
TV F z

e

. (5)

Since the heat current Jz is proportional to the magnitude
of the driving force parameter F z

e , cautious selection of F z
e

is essential to secure a large signal-to-noise ratio within the
linear-response regime of the systems. In this work, the value
of F z

e = 2×10−4 Å−1 was tested to be appropriate for all
the a-SiO2 samples. For each sample, we performed five in-
dependent simulations and calculated a suitable estimate of
statistical error.

Employing the HNEMD method, we conducted prelim-
inary benchmark testing to assess the influence of various
factors on the thermal conductivity κ . Referring to Fig. S7
in the SM [60], the thermal conductivity demonstrates insen-
sitivity to the quenching initiation temperature [as indicated
by point B in Fig. 2(a)] above 4000 K. Despite the HNEMD
method being regarded as a method akin to the Green-Kubo
method [79,80] for estimating the thermal conductivity of infi-
nite systems (bulk systems), it still exhibits finite-size effects,
which arise from the truncation of certain long-wavelength
vibrations by a finite simulation unit and the ignoring of some

scattering events [81]. Consequently, we evaluate the impact
of simulation size on the thermal conductivity of a-SiO2 in
Fig. S8 [60]. The findings indicate that the thermal conduc-
tivities of the diverse-sized a-SiO2 systems remain within the
range of statistical error. Additionally, the thermal conductiv-
ity κ of a-SiO2 demonstrates a slight rise with the decrease
in quenching rate (see Fig. S9 in the SM [60]), suggesting
that lower quenching rates produce a more ordered structure
with higher thermal conductivity. As mentioned in Sec. III,
opting for a system of 73 728 atoms and a quenching rate of
1011 K s−1 for subsequent thermal conductivity calculations
is a computationally feasible and secure choice.

Figure 4(a) compares the HNEMD-calculated thermal con-
ductivity κ values of a-SiO2 at different temperatures with
experimental ones. The outcomes from HNEMD (depicted as
squares) align with experimental ones primarily around room
temperature, showing slight deviation at high temperatures
and marked overestimation at low temperatures. In precise
terms, the thermal conductivities yielded by HNEMD calcu-
lation and experimental measurement [37] are approximately
1.44 and 1.40 W m−1 K−1, respectively, at a temperature of
350 K. Of interest, at high temperatures, the experimentally
measured thermal conductivity [76] rises with increasing tem-
perature, which could be due to the contribution of radiative
energy to heat transfer [82–84]. Thus, in Fig. 4(a), the discrep-
ancy between theory and experiments at high temperatures
might be due to the non-negligible radiative contributions in
the experiments. Note that classical MD simulations follow
the classical Boltzmann statistics, whereas at low tempera-
tures (especially below the Debye temperature, about 495 K
for silica [85,86]), quantum Bose-Einstein vibrational statis-
tics play a pivotal role in determining the “correct” thermal
conductivity. Regarding the pronounced overestimation at low
temperatures, we attribute this primarily to the inability of
MD simulations to account for quantum statistics. There-
fore, it becomes necessary to employ a feasible quantum-
correction method to rectify the thermal conductivity κ at low
temperatures.

B. Quantum-statistical correction

Within the framework of the HNEMD approach [77],
there is a feasible quantum correction method based on spec-
tral thermal conductivity for disordered systems and it has
been successfully used for amorphous silicon [29], amor-
phous HfO2 [30], and liquid water [36]. For the spectrally
decomposed thermal conductivity, one can first calculate the
virial-velocity correlation function

K(t ) =
∑

i

〈Wi(0) · vi(t )〉, (6)

where vi is the velocity of atom i. The spectral thermal con-
ductivity is then derived as

κzz(ω, T ) = 2

V T F z
e

∫ ∞

−∞
dteiωt Kz(t ). (7)

This κzz(ω, T ) is classical, and the total thermal conductivity
κzz(T ) is then obtained as an integral over the entire frequency
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FIG. 4. Thermal conductivity κ of a-SiO2 acquired via various techniques at different temperatures. (a) Comparison of HNEMD-calculated
thermal conductivity κ of a-SiO2 in the bulk limit with respect to other theoretical and experimental results. Theoretical results include those
obtained by Yang and Cao [18] using the anharmonic WTE, as well as those derived by Simoncelli et al. [19] using the regularized WTE (with
the GAP model [31] as input, so denoted as rWTE-GAP). Experimental measurements were extracted from Cahill and Pohl [37,38] and Wray
and Connolly [76]. (b) Comparison of the κ values of a-SiO2 samples with a thickness of L = 190 nm at different temperatures to experimental
results [39]. The sample thickness on the thermal transport direction is indicated as L.

range as

κzz(T ) =
∫ ∞

0

dω

2π
κzz(ω, T ). (8)

With the classical spectral thermal conductivity available, then
a quantum-corrected spectral thermal conductivity κq(ω, T )
can be obtained by multiplying κzz(ω, T ) with a probability
p(x) of activation frequency between quantum and classical
modal heat capacity [24,29,30,36,87]:

κq(ω, T ) = κzz(ω, T )p(x), (9)

where

p(x) = x2ex

(ex − 1)2 . (10)

Here, x = h̄ω/kBT , h̄ is the reduced Planck constant, and kB is
the Boltzmann constant. The total quantum-corrected thermal
conductivity can be straightforwardly represented as

κq(T ) =
∫ ∞

0

dω

2π
κq(ω, T ). (11)

Figure 5 presents the spectral thermal conductivity with
classical and quantum correction at various temperatures.
At low temperatures, the primary contribution of quantum-
corrected spectral thermal conductivity arises from low-
frequency vibrational modes (ω/2π < 10 THz), with the
complete suppression of high-frequency vibrational modes,
indicating a substantial impact of quantum correction. This
is because, in classical MD simulations, the vibrations within
the disordered system follow the classical Boltzmann statis-
tics, resulting in complete excitation of all vibrational modes
irrespective of temperature and frequency. In reality, how-
ever, high-frequency vibrational modes should be frozen at
low temperatures according to the quantum Bose-Einstein
statistics [29,36,88]. Figure S10(a) in the SM [60] presents
a comparison between the normalized vibrational density of

states at 300 K and experimental data [89], clearly revealing a
qualitative agreement.

The quantum-corrected HNEMD results [denoted by cir-
cles in Fig. 4(a)] agree well with the experimental ones by
Cahill and Pohl [37,38] at low temperatures, although there is
a minor underestimation at 20 K. We have further presented
the results from other theoretical predictions, including those
obtained by Yang and Cao [18] using the anharmonic WTE,
as well as those derived by Simoncelli et al. [19] using the reg-
ularized WTE. All the methods lead to satisfactory agreement
with experiments.

C. Length dependence of thermal conductivity for a-SiO2

Akin to amorphous silicon [23,90], a-SiO2 thin films ex-
hibit strong size effects for thermal conductivity at nanoscale.
To verify the efficacy of the aforementioned quantum cor-
rections on the a-SiO2 thin films, we evaluated the quantum-
corrected thermal conductivity for a film thickness of L = 190
nm, a dimension for which experimental data [39] are accessi-
ble. Leveraging the HNEMD approach in conjunction with the
nonequilibrium molecular dynamics (NEMD) simulations can
achieve this purpose efficiently and elegantly. In this frame-
work, the spectral conductance in the ballistic regime (low T
and short L) is first calculated using NEMD simulations, and
then the thermal conductance G(ω) (see Fig. S10(b) in the SM
[60]) can also be spectrally decomposed:

Gzz(ω) = 2

V 	T

∫ ∞

−∞
dteiωt Kz(t ), (12)

where 	T is the temperature difference between the heat
source and the heat sink in the NEMD setup. Subse-
quently, one can calculate the spectral-decomposed MFP as
λzz(ω, T ) = κzz(ω, T )/Gzz(ω) (see Fig. S10(c) [60]). Within
the ballistic transport NEMD simulation, the temperature is
designated as 20 K, and the effective thickness of the a-SiO2

system is about 2.4 nm. With the spectral MFP, we can obtain
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FIG. 5. Classical and quantum-corrected spectral thermal con-
ductivity of a-SiO2 at temperatures of (a) 20, (b) 40, (c) 150, (d) 300,
(e) 1000, and (f) 1750 K. The gray shading represents the standard
deviation obtained from five independent simulations. The label on
each panel represents the total thermal conductivity value obtained
by integrating the entire spectrum.

the quantum-corrected thickness-dependent thermal conduc-
tivity at a desired temperature (see Fig. S10(d) [60]),

κq(L, T ) =
∫

dω

2π
κq(L, ω), (13)

where

κq(L, ω) = κq(ω, T )

1 + λzz(ω, T )/L
. (14)

At the same film thickness of L = 190 nm as in the ex-
periments [39], our quantum-corrected thickness-dependent
thermal conductivity results exhibit remarkably good agree-
ment with the experimental data from Lee and Cahill [39]
(within the temperature range of 80 to 400 K), as depicted
in Fig. 4(b). Such an agreement effectively substantiates the
effectiveness of our quantum correction approach. In Fig. S11
[60], we provide the corrected thermal conductivities for a-
SiO2 films of 190-nm thickness spanning the temperature
range of 40 to 2000 K for comparative analysis.

D. Origins of temperature dependence

The current correlation functions, which can be considered
as a spatially dependent generalization of the velocity cor-
relation function [45] and are closely related to the phonon
spectral energy density [54,91], are employed to examine the

behavior of collective excitations [44–46] in a-SiO2 at varying
temperatures. Analogous to the density of atoms

n(r, t ) =
N∑
i

δ[r − ri(t )], (15)

one can consider the current density j(r, t ) of a disordered
system based on particle velocities [40,41,45]. The current
density j(r, t ) is given by

j(r, t ) =
N∑
i

vi(t )δ[r − ri(t )], (16)

with the Fourier components j(q, t ) given by

j(q, t ) =
N∑
i

vi(t )eiq·ri (t ), (17)

where N is the number of atoms, vi(t ) is the velocity of atom
i at time t , and ri(t ) is the position of atom i at time t . Here,
the current density is a vector that can be decomposed into
a transverse part jT (q, t ) perpendicular to the q vector and a
longitudinal part jL(q, t ) containing the parallel component:

jT (q, t ) =
N∑
i

{vi(t ) − [vi(t ) · q̂]q̂}eiq·ri (t ), (18)

jL(q, t ) =
N∑
i

[vi(t ) · q̂]q̂eiq·ri (t ), (19)

where q̂ denotes the unit vector. Analogous to the intermediate
scattering function (see Ref. [45] for details), we can calculate
the current correlation functions as

CT (q, ω) =
∫ ∞

−∞

1

N
〈 jT (q, t ) · jT (−q, 0)〉e−iωt dt, (20)

CL(q, ω) =
∫ ∞

−∞

1

N
〈 jL(q, t ) · jL(−q, 0)〉e−iωt dt . (21)

We adopted the DYNASOR package [45] to calculate the
current correlation functions based on the MD trajectories,
which can fully incorporate anharmonic effects and enable the
exploration of temperature-dependent dispersion. If there are
significant maxima in both CT (q, ω) and CL(q, ω), it signifies
the discrete points in the (q, ω) plane on the dispersion curves
[46].

Figure 6 compares the transverse and longitudinal cur-
rent correlation functions in the (q, ω) plane at different
temperatures (see Fig. S12 in the SM [60] for 200 and
500 K), corresponding to TA and LA collective vibrations
[44–46], respectively. At the evaluated temperatures, the LA
and TA vibrations exhibit clear dispersion relations below
the Ioffe-Regel crossover frequency (see Refs. [44,47,48] for
the Ioffe-Regel criterion delineated whether a phonon can be
well-defined or not), suggesting that the phonons are well-
defined excitations, potentially due to the short-range and
medium-range ordering in a-SiO2. Beyond the Ioffe-Regel
crossover frequency, however, explicit lattice dispersion can-
not be observed, and the peaks of CT (q, ω) and CL(q, ω)
display pronounced broadening and softening with increas-
ing q values (as depicted in Fig. 7), illustrating a liquidlike
overdamped oscillation attenuation behavior [40–42,49,50].
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(a)

(b)

FIG. 6. (a) Transverse and (b) longitudinal current correlation functions as a function of q vector and ω/2π from 40 to 300 K.

Above the Ioffe-Regel crossover frequency, it is difficult to
define the group velocity and phonon MFP for TA and LA,
indicating the characteristics of liquidlike diffusion [50].

Additionally, as shown in Fig. 7, with decreasing temper-
ature, the peak values of CT (q, ω) and CL(q, ω) at different
q points gradually diminish, demonstrating the freezing of
phonons as excitations at low temperatures. This phenomenon
has been observed experimentally [92]. At 40 K, the region
of TA and LA vibrations above the Ioffe-Regel crossover
frequency nearly disappears, indicating a strong suppression
of liquidlike diffusion characteristics at low temperatures.
Hence, we expect phonons to be the primary thermal exci-
tations at low temperatures, leading to the increase in the
thermal conductivities of a-SiO2 with rising temperatures.
However, as the temperature rises, more phonons are excited
(as evident in Fig. 7, the increasing peaks of CT (q, ω) and
CL(q, ω) with temperature), and the intense phonon scattering
events tend to reduce the thermal conductivity of a-SiO2,
similar to the behavior of crystalline materials at high tem-
peratures. In Fig. 6, the Ioffe-Regel crossover frequencies of
TA and LA become higher at high-temperature cases, and
the domain resembling liquidlike diffusion becomes more
pronounced. This suggests that phonon scattering and liquid-
like diffusion [47,49–51] collaboratively contribute to heat

conduction, resulting in the temperature-insensitive thermal
conductivity observed in a-SiO2 at high-temperature regions.

Notably, Beltukov et al. [47] and Moon [51] suggested
that even below the phase transition temperatures, liquidlike
diffusion in amorphous materials may be involved in the
contribution to the total thermal conductivity due to atomic
diffusion. Simultaneously, experimental evidence has been
discovered supporting the notion of liquidlike thermal con-
duction in many complex crystals [42,49,50]. This work does
not provide conclusive evidence for the contribution of atomic
diffusion of liquidlike components to heat conduction at high
temperatures, which could be a topic for our future work.

V. SUMMARY AND CONCLUSIONS

In summary, by employing extensive MD simulations,
we have explored the thermal transport properties of a-SiO2

at various temperatures under the auspices of the accurate
and efficient NEP model. Using a sophisticated melt-quench-
anneal process with a slow quenching rate of 1011 K s−1, the
a-SiO2 sample close to the experiment was generated in a
system containing 73 728 atoms, validated through character-
izations of the pair-correlation function g(r) for short-range
order and the static structure factor S(q) for medium-range
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(a)

(b)

FIG. 7. (a) Transverse and (b) longitudinal current correlation
functions as a function of ω/2π at different q points, including
q = 0.6, 0.85, 1.36, and 1.71 nm−1. The peaks of the current cor-
relation function at various q points correspond to the blue region in
Fig. 6, revealing a distinct dispersion relation below the Ioffe-Regel
crossover frequency [44,47,48].

order. Based on the HNEMD method, we computed the
thermal conductivity of a-SiO2 from 20 to 2000 K and ob-
served considerable deviations from experimental ones at low
temperatures due to the absence of quantum statistics.
Through the integration of spectral decomposition techniques
and quantum statistics to correct classical thermal conduc-
tivities, we achieved strong consistency with experimental
outcomes for bulk and 190-nm-thick film a-SiO2 samples,
thus affirming the significance of quantum statistical effects in
predicting the thermal conductivity of amorphous materials.

Furthermore, we attempt to introduce the notion of collec-
tive excitations in liquids [40] or liquidlike matters [41,42]
to comprehend the thermal vibrations of a-SiO2 at vari-

ous temperatures. Employing atom velocities and trajectories
derived from high-precision MD simulations, we computed
the current correlation functions corresponding to TA and LA
vibrations. The results indicate a distinct dispersion in TA
and LA vibrations of a-SiO2 at various temperatures below
the Ioffe-Regel crossover frequency [44,47,48]. Hence, our
expectation is that phonons, as excitations, can persist within
a-SiO2 and predominantly contribute to thermal conductivity
at lower temperatures, consequently leading to the observed
elevation of thermal conductivity with rising temperatures.
As the temperature increases, however, more phonons are
excited, and the effect associated with liquidlike diffusion
becomes increasingly prominent. Therefore, we attribute the
temperature-independent thermal conductivity in the high-
temperature region of a-SiO2 to the simultaneous engagement
of excited intense phonon scattering and liquidlike diffusion
in heat conduction. This work provides physical insights into
unraveling the thermal transport properties of amorphous ma-
terials using MLP.

Complete input and output files for the NEP training and
testing are freely available from Ref. [93]. Representative
input and output files for different calculations in this work
are freely available from Ref. [94].

The source code and documentation for GPUMD are avail-
able from Refs. [95] and [96], respectively. The source code
and documentation for DYNASOR are available from Refs. [97]
and [98], respectively.
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